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Abstract

‘1’l)is lMIK:I Aablishcs  lIcccssary  aII(? sufficicmt collclitiolis  f o r  aII ada])tive systcl II witl] a
sil]usoida]  regressor (i.e. , a regressor colnl)riscd  exclusive].y of sinusoidal signals) to ad~nit aII
mad linear  tilne-jl)varjant  (l J

rJ’]) l[:j)lcsclltatioll. ‘1’lIcsc conditions  arc iInl)mtallt  bccausc
a l a r g e  lIIllnl)cr of adal)tivc SyStlCll  IS usd ill l)ractjcc lIavc sillusojdal  reg;rcssors, aIId I,}Ic
stla})ility,  col Ivcrgcl Ic.e and mbust,ncss l)qmtjcs of syst, clns havil]g; 1,’1’1 rcprcscl)tatim)s  can
l~cco]12]Jlctcl  j~a]Ial~’z(:(l by well-kIIowII mct,lIocls.

1 INT’RODU”C’TION

A large IIuInbcr of adaptive syskHIIs  used ill ])rticticc  (c. K., for adal)tivc  signal  ~)roccssi]lg,
IIojsc  callcdling,  acoustics, vibration  sul)~mssioll, de.), ]Iav(: regressors wllic]l  colltail]  sinus-
oidal  cxc,it$a,tiolls.  1]] C.crtai]l  i]ltcrcsti]lg;  c.ascs, SUCII  systcIIIs lIavc LCCII fou]ld to ad]nit  mad
fil]itc-clill]cllsiollal  li]lcar til]3c-ill\~:ilia]lt  (I JJ’1) ]c]j]csc]]tatio]ls. SuclI cases arc jl]]])ortaIit  hc-
causc ill c.o]lt}rast  h nonli]lcar a]ld/or  til]lc-valj~illg  ]c])rcsclltatjc)rls, tltc stability, coIIvcrgc  IIce
aIId robustmcss  propcrtlics  of 1 ,’J’I systuns  call  1x: colnl)lcllc]y c])arac.tcrizcd  using stlalldard
Illctllc)ds.

‘1’IIc usc of l~J’1  l’c]~rcs(:~ltat,iolls  for al]alysjs  d adal)tivc fccdforw’arcl  systmns call bc found
l)lc(l(jll]il]t~lltly in l)almrs fmn tllIC  acoustics and sig;llal  ~)roccssillg colIllnul]ity.  ‘1’llis  includes
tlIc ~)iollccrillg work of (;lovcr [12] a]]d later  cxtulsjolls  found  jll hlorgall alId Sanford [20],
h~O1’&lll  [21], l’llliottl  Cf. al. [1 O], and \Vjdrow  alId Stcallls  [34]. 111 tlic control c.omlnu]lity,
tlIcsc I;J’] ](’l>lcsc]]tatiolls  lIavc fou]ld tl]cir way jnto ccrtai]l s])cc.ializcd a.])} )licatimls SUCII as
adal)tivc  IIclic.ol)tcr rotoI’ co IItrol (cf., SIIaw aIId All)ioll  [27], IIall aIId Wmdcy  [1 3]), ada])t,ivc
vil)ratjo]]  cm]trol ( d . ,  lkdsoII  d. cl. [4], h~css))cr al]d l)odso II [1 7]), aIId adal)t,ive stlwc -
tlura] coIItrol and active isolatio]l  (cf., S])allos and l{alllllall  [30], Cc)llilis [7], Sicvus a]ld von
l“lotow [28]). II I  cad]  of  tlIcsc palms, tlIc aIItl Iors were able tc) aIlalyzc  tllcir  alqJlic.atioIl
Inorc tlIomug;  llly wjthin  all 1;1’1  fralncwork tllall would l]avc Lccl I IJossible if tlIcy had  used
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lJyaIJUI)CnJ  analysis, llyIxmtahility,  or other llc)lllillcar/tilllc-l’alyillg  tools tyl)ic.ally associated
with adal)tivc  ccn]tml a]lalysis.

lnkrcstillg]y, dcs})itc various succmscs ill sl)ecific apl)lic.atioll  arms, 1)0 gmlcral unified tl]c-
ory of 1,’1’1 adaptive fcdfmward systmns IIas cmlmgccl.  III l)articular, 1)0 dcfillitivc conditions
for tllc 1~1’1 pllcnomcl]a have lxx]) l)rcvious]y  cstal)lisllcd.

11] this lmlxr , a gmlcral ul]ificxl  tl)cory of 1 JJ’1 lcl)lcsc:lltatiolls  is dcvclol)cd  for adal)(, ive
systmns l)aving  llarmol)ic mgrcssors. ‘J’IIc IIlail]  rcsu]t is a l)recisc cmlditiol]  (i.e., Lot]) l]cccs-
sary and sufficient), for sud] I]annol)ic adaI)tivc systelns  to llavc all mad IJrl’l mprcsclltation,
slid a clod-form al]’alytlc cxprcsslolI  for this  IJrl’l rcl)rcscl}tatloll  WlICII tJIc col Id ItIo II IS sa t l s -

. . .

ficd.  ‘1’lIc  tlImny  c.omplctdy  unifies cxistillg multfs  Ly rcl)roducillg as special cases all kllowl~
illstallccs of 11111 adaptive systcl])s  found  ill tjllc  literature. h4cnc ilnlmrtalltly,  the tllcory
gmlcralizcs  cxistillg results by indicatill~ a lnucll  larger class of 1~1’1
l)rcviously kllowll. lf;xal)lplcs arc givcnl to dclnolmtratlc  t}]c uscfu]l]css
result. All results ill tl)is IMIX:r arc bad o]) tile analysis ill a rccmlt

ada~)tivc systclns  tlla]]
and ilnldicatimls  of the
I’c]ml’t  [2].

2 13 ACKGROUND

2.1 Adaptive Systems with Harmonic lkgrcssors

‘J’lIC collfiguraticn]  to bc studied is sltowli  ill 11’igurc  2.1. Al) cstilnatc  j of smnc signal y is to
IK: co]lstructd  as a lil]cal coll)bil]atiol]  of tllc clclllcnts of a rcp;rcssor vcdor x(f)  C 1P’, i.e.,

list im aid Signal
j = u)(i)  Lx(i) (2.1)

WIICK w(f, ) < 1P is a ~~aramctcr  vector w’l]ic))  is tul]d ill real-tlinlc using tllc adaptatlioll
algorjtl]ln,

A dopiaiion A lgmithm
70 ~ //1’(p)  [i(i) r:(t)] (2.2)

IIcrc, tlic notation l’(p)[]  is used to dcl)ok  tl)c lnultivariablc  ITJ’I trallsfcr  ful]ction 1’(s) “ 1
w]l(:le ]’(,~) js a]l~ ],’]’] t~allsf~:l  f~ll~~t,ioll  ill ~l]c ]Jal)lac,c s Ol)crator (tllc difl’cmltia]  o p e r a t o r. .
p wi l l  rc})lacc tl]c IJal)lacc  olxrator s ill all tilnc-dolllaill
c(t) C ]{1 i s  a]] cnor signal;  j{ > () is a]} adal)ttitioll  gain;
filtering t$l)c regressor x tl]roug]l  ally stlablc filter l’(p), i.e.,

lk:ymsor ]“ilic  ring
i = l“(])) [2:]

‘J’IIc IIotatioll  l“(p)[.] dcmoks tl)c l)-llllti~’t~lial~lc  1;1’1  tral)sfcr
1’(s),  acting  cm t,hc inclicatlcd vcc.tor tjilnc dolllaill  sjg;llal.

filtlcrillg cxl)mssions); tllc t,crm
and tl)c signal  i is obtailld  b y

(2.3)

fullctio]l ~’(s). 1 with S1S0 filter
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]J[)l’ t]l(’ ]) UT])OSCS of t]liS ])a]KT, it will  IN assu]llcd  tl)at  tl]c rcg;rcssor x call lx writtlcll  as
a lillcar colnbinaticnl  of m distfillct sinusoidal  collllmllclits  {u-+};j ~, O < u] < wz < . ..< w,,,,
WIICN: l,llc frcqucnc.im  l)avc l)ccll  ordered ljy size froln sl])allcstl  to largest, l’;quivalcnt]y,  it, is
assunlcd  tllatj tlhmc exis ts  a lnatrix  A’ { I{NX2TT’  SUC]I  t]Iat,)

11OI’1N Ollic  lk.qrcssol’
~ ,  xc(l) (2.4)

II;quations  (2.1)-(2.5) takml  lmgctllcr  will hc rcfcrd to as a Ilol’nionic adaptive syslcln.

(;[)llcctliI'cly,  illcscC ;cllliiti()lls(  lcfillcall  il]ll)c)rtal]to  l)cl]-lool)”  ll]ap~)i]lgfroln  tl]ccrrorsigylal  c
to tllc estimated Outl)ui, j. lkcauscofik  i]]]lmrbl]cc, this IIldp])illg will h dcIIotcd b y  lJIe

sl)ccial  cllarackr  ‘H, i.e.,

./

h!
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

: c(f)

H x--+x—
r+l ~:

c ; -.

[
F’(s)1’i? ~---- , ~, 1! ?

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..$

(2.(i)

l“igurc  2.1: I;JIV cqmratlor  j = H[c] for adal)tivc systmn witli IIarllloliic  regressor z, adaptatjo]j
]aW ] ’ ( S ) ,  2111d  K!F;IK!SSO1’  fi]kl  ]“(S)

h~ost g;cltc1’a]lY  ~ jS a  ]iIIC:lI’ tjlI”lC-Val’J’jl)F; (];]’\r)  OJKTZl~Or. 1 ]owcvcr,  ~hc IIlaill  rcsu]ts  o f

tlllis lXII)CI’ s h o w  that ulldcr c.crtaill sillll)lc c.ollditim)s o]l tllc ]natrix  X, tl)c lnal)~)illg  H i s
. .

actually  IIncar tllllc-ll]ITal’iallt  (l J

rJ’I). ‘J’l]is  result IIas })rofoulld  lln~)licatlolls  for jnally classes
of adal)tfivc  systclns, sillcc tllcy call  bc dcsigl)cd and mlalyzcd  co]nplctcly usil]g 1;1’1 t h e o r y .

1{1’;MAI{l{  2.1 ‘1’l}c dcfillitioll  of 1’(s) is left illtclltiol~tlllj~  gcllcral  to illcludc al]alysis  of tllc
gradicl~t alp;orjtllm (i.e., wit,]] Lllc clloicc ll(s) = 1 /s), tllc gradicllt  algorit]lln wit]] lcalwgc
(i.e., l’(s) : I /(s -1 0); cr ~ 0), ~)lOl)oltic)llal-l) llls-illtcg;ral”  adal)tatioll  (i.e., l’(s) = k,, -1 k~/s),
or arl)it,rary lillcar adal)tatioll  algoritlllns  of tllc dcsigllcr)s  clloosilig.  Adal)tatioll  laws wllicll
arc llolllillcar or IIormalizcd (cog., d iv ided  ))y tlic lJcm]JI d tl]c Icgmssc)r), arc IIot collsidcrcxl
IIcrc sillcc tl]cy do IIot l]avc al] cxluivalc]lt 1~1’1  lcl)rcsc:lltatic)l] l’(s). ■



1{1’;MAIU<  2 . 2  ‘J’])c  usc  of tlIc rc:;rcssor  fi]kr  1“(s)  is (2.3)  allows tlIc ulli~icd  tIWatIIICIIt

of II IaIIy ilIllmrtlallt  adapiatio]]  algoritlllns  illcludillg, tl]c well-kI)owJI l“ilLcrcd-X algoritlltn
fro]n il]c sigylal  l)roccssillg  literature [32][21] [5][33][1  (i], and tl]c Auglnc])tcd lkror  a l g o r i t h m

of Mcnlo]mli  [19]. Since x is coml)riscd  l)umly  of sillusoicla]  coln]mlcllt)s  al)d 1“ i]] (2.3) is
st,aljlc, all subscxjucllt  a~lalysis will dSSlllll Ctllilt I,l)cfiltcr out]jut,  ii’ has rcacl)cd  a steady-st,atc
c.onditio]l. m

2.2 Discussion

Mostj gcl Icrally ‘H in (2.6) is a linca?  tinlc-varying  (lfJ’\~) operator. ]Iowcvcr, UIICICI ccrtai]l
conditions  ml IJlc: matrix  X, tllc lnal)l)i]lg  H is actually linr:ar ii?llc:-i?lt~arin?lt.

‘JIIIC in tu i t ion  bcl)incl  this scclnillgly  strallgc ~)llcllolnclla is cxl)lail]cd  hy the lnodula-
tjic)ll/clcl  l]o(lllltltic)ll  prolmrtics  of nlultil)lickativc  sillusoida]  tcn]]s. Asa sillll)lccxalll~~lc,  colI -
sidcr tl]c 1;1’1  I.)al)clpass filter (Ill) h’) ill)l~lclllclltatio~l  show]] ill 1~’igurc  2.2.

G(s)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

vin””~~ :

: cos(l)*l  —J—————

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . “

G(s) ==; (L(s - j(l),)+ L(S + p,))

l“igurc  2.2: l’hact  IY1’1 IIandl)ass fillm ?l D CZ’(p)u using ljowl)ass filter 1.(s) allcl lnodulatio]l
})rolmtlics  of sa]ldwicllcd  sillusoida]  lll~lltil)licatic)l]s

IIcrc,  a low])ass filtfcr 1.(s) i s  salldwicllcd  I)dwcmi ]Jlatcl]cd sine/cosine ll-llllti})licati  oils.
IIy i]ls])cction,  tlIc outj})ut call  k writk]l ill tcrl]Is of co]lvolution  illtlcgrals  as,

J
i

/
iy = si]lwbi /(7 )  sill  q(t -  T)u(i  -  7)d7 -1 cosb+t 1(T) CO SWL(t -  T)ll(f -  7)d7 (2.7)

(1 (1
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wllcrc !(t) is il)c i~npulsc  rcspo])sc  of tl)c low-}) ass filter 1,(s). At first gla]lcc this looks like
all IJrJ’\~ Systc]n  . IIowcvcr,  subslitfutiIlg  tl}c tIigcJllcJlllctlic.  idcultity,

sill ti~i sill  q(f – T )  + (’OSWJ costi~(i - T) = (os Lo~7 (2.8)

into (2.7) aIId rcarra]lgillg  gives,

/

t
y = f(7) CO SLdL(7)U(f  - T)dT

o
(2.9)

‘1’llis  illtcgral call lx: rccogllizcd  as a  collvolutiml  of tlIc iIl])ut u wil,li  tll]c ti712{:-i7]lJari{17il

ill)l)ulsc  response l?(i) cosw~(t). IImlc.c, tl]c ovcra]l f i l t e r  i s  1 : 1 ’ 1  mm though  it IIas timc-

vaIyillp;  C] Cll”l  CJJtS. ‘1’hc  essential relation is idmltitly (2.8) wllicll indicates that tllc function  of
l)otll i a n d  T  011 tllc! IC!ft IIall(l s i d e ,  call k writtcll  plllcly  aS tllc  function  of T  SC(!1I  01) tll(!

right llalld side.

It is also wortl] IIotillg that tl]c ilnpulsc rcslmnsc of tllc collvoluticnl  i]ltegral  (2.$1) is formed
I)y IIlodulatfi]tg;  tl]c lowJ)ass filter Icsl)ollsc  l(t) by cos(tibi), so that-  tllc rcsult,ing  1;1’1 filter has
tllc Imlld])ass  Cll?ll’zlctcrist,  ic,

L’(s) = c{?(t) cmsti)~f}  : ;(L(S - jq) -1 ],(s  -1 jw,)) (2.10)

IIcrc wc llavc used LIIC wel l -k~lowl l  lnoclulatiol]  pro}m(-y  Z{t(i)d””t}  = 1,(s - ~wb) of tllc
IJal)lacc  transform  [3].

As a s]wcific  cxaIJIIJlc, let 1,(s) = 1/(.s -I o) ill l’igurc 2.2. ‘1’llc]l  tllc olmrator  froln u to y
SIIOW]l ill Y’igurc 2.2 is madly lcljr(~st:l)tal)lc as an I:J’] filtlcr,  a]lcl IIas a (lm]ldlmss)  trallsfcr
function  whit.]1 can bc conlputd  from (2.1 O) as,

(2.11)



3 LTV IKEPRESEIW’A’I’ION  S

3.1 SinglwTonc  Regressor  Case

l,c]n]na 3.1 first cl]aractcrizcs  tllc 1 JJ’1 oImator for tlic case of a sillp;lc  tm]c regressor. ‘1’llc
arra])gcl]lcn]t is dcpickxl ilt l’igum  3.1 and col’rcsl)ollds to the special Case of A’ = {1; o IZxz ill
(2.4).

~ ==11(s)

:“’’LiiiiF””””:

e; 1 1’-++[E~~f ‘k+--++. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
l“igurc  3.1: ltquivalcmtl 1~1’1 rcl)rcsclltatio]l of a IIarlllollic adal)tivc s~7stc111  wit,]] a sillglc t,ollc

op[wllol’,
‘H : j = 110))(: (3.3)

l){(i)
11;(.’)  : -  

‘j—  (1’(S  -  j’~i) ‘{ 1’(s ‘1 .l~i)
) - w

I “: ““”-  1’(.’  - .i@i)  - “(L% ‘1 .lUi)
)

(3.5)

6



1’1{001”:

‘1’11(! filtcrc(l  l’cgrcssc)r ( 2 . 3 )  i s  C.ollll)OS(!d  of a Sillglc sil)usoid  at W1  Pllt thl’OU@  a lillcar

filkr ]“(s). llcIIcc, usilIg  (3.6)  it c-311 IJc writknl  ( i i i  s t e a d y - s t a t e )  a s ,

Wllm,

.Ti  A

[ - 1

)’){(i)  )’;(i) ~ ~+lx~
l’)(i) )’){(i)

(3.8)

llsi]lg (3.7), the ]Ilalq)illg fron) c to j call  bc written as,

l,d ~(f)  lm tl)c iml)u]sc  rqm]sc of’ tllc 1~1’1  o]mrator corrcs})c)ndil]g to ]’(p). ‘J’llcll usilig  (3.2)
al)d (3.8), cquaticm  (3.9) call  I)c cxl)rcsscd  in Ilcmns of convolution il]tc!g;ra]s,

1‘)(~) COSW2(f  - T) C(/ - T)dT

1li(i)siliq(t  - T ) c(i - ~)d~  ( 3 . 1 0 )

((i - 7 )(/7 (3.]1)

llcrc,  (3.11) follows frmn (3.1 O) I)y using, standard  trigcnlwnctric  idcmtitics  (see licmarlf  3.1
Ixdow), PJotc t,llat (3,11) is ill tlic for]]] d a cmlvoluticn] of tllc ili~)ut  c(i) wi th  tllc iinlc-
invarianl ilnlm]sc rcslmI)sq

~(i) ‘ ?(i)~’j{(i)COSUii ‘1 l’)(i)sillw~f
1

(3.12)

‘J’akillg  t,llc  IJal)lacc transfon])  l{. } of (3.12) and using tl]c II]odulation pqmrty [3],

~{~(i)c~~’”}  = 1’(s - jq) (3.13)

gives tlIc desired cxpmsim] (3.5). ❑

1{1’;MAIU<  3.1 111 tile l)roof of IJcln]]la 3.1, (3.1 1 ) follows fro]]) (3.10) l~y usil!g tri,g;cnlmnctric
idrl)titfy,

[
SjIIW1~  ]’~{(~)SjIIWi(~ - 7 )  -1 ]’~(i)COS@i(i  - T )1

[i COSti~/  ]’;{(i) C.OSti~(f  -  T )  - ]’\(i) S i l l  bJ~(f -  ‘ T )
1

= ]’}{(i) COSLd~T -} ]’}(;) S i l l  bJIT

7
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ldc~)tlit.y  (3 .14)  is a sljp;ht gcncraljzatim] of (2.8), and sliows Il)at tl]c ful]ctioll  of Imth 1 a]id
T o]t tl]e l e f t - h a l l d  s i d e  call  l~c rcl)rcsm]tcd  ~Judy  as tllc fullctiol)  of T on tllc rig]lt si(lc.
‘1’llis  c]]surcs that  tl)c cmvolutio])  (3.1 1 ) lIas d sl)ift-illl~:ilja]lt kcIIIcl, wllicl]  iI](licatcs t]lat  tlIc
()])mat)or  fl’oIl”l  c: to ‘j i s  1 :1 ’1 . ●

3.2 Multitone Regressor Case

‘]’]lc ]naj]] Icsu]t,  of this j)al)cr is givcll Ilcxt wllicll gives IIc.ccssary and suflic.icllt c.ollditioJls
fo)tl)cc)])c]ato]  Htc)bclTJ’1  i~i tlicg’cr]cra] ]nultitmlccasc.

‘_l’111’;Ol/l’;M  3.1 (1,’1’l  lteprcsmtation  !J’lleorcm)  lxl I}LC  7Typcssord:(t)  in illc hormonic
cidayiivr  syslcIn ( 2 . 1 ) - ( 2 . 3 )  k: givut hyl}tc  gcIlcIwl  Inullilonc:  llarnLonic  crpmssion (2.4)(2.5)
mllcrc f}lc jrcqvcncir:s  O < b+ < . . . < w,,, (17c disiind, IIon.zero, and  [1’’(jw~)l  >0 jor alli.

Y ‘// C1l  ,

(i) Y'llc:7~lal~]ji7tq  fif707nc  ioQisfr {lcilt/7>c Jj7(sc7tioblc:( isi.ltc:li71ca  rii7r)f -i71tloril17tio ]~crclio l`,. . , .

F{ : ~ ~ II(l))c: (3.15)

if f171d  onl~j if llIc 7ndirir X in (2.4) saiisjic:s 11! c jollowi7tg  X- Orlllogolt oliiy (A’0) c o n d i t i o n ,

A’- Orll(ogonolit.y  (X())  Co7zdiiion:
~T~ ,  ])2

d,z 4 12X2 o . . . 0

o. ’”.;“.
])2 A

1

~ ](21,,  X21),
“. “. o

0 . . . 0 d,; . 12X2

?[l]l ‘:1’<:,  (Ii  2 ~ (), i ‘- ] , . . ..?n arc:  scalars and 12X2 c li2x2 is ilIc moink  idcniii.y.

(ii) 11(.$) in (8.15) i s  g i v e n  in closd-jom 0 s ,

7)1

11(.$) = /1 ~(l;2 “  11;(.$)
z; ]

(3.16)

(3.:(7)

(3.18)

l’;?(i)
)1; (.’+) = - ;- ‘(l’(.$ - jk”i) ‘1 “(s ‘{ .’jWi)

) - ’  ‘Y(
]’(.$ -  ‘jWi) -  1’(S ‘{ J’k”i)

)
(3.19)

l’j~(i) * 1~((1’’(~ti~));  l)(i) $ 17/l(J’’(jWi)) (3.20)
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l’roofi  Scc Appcnclix  A. ■

lllilliti\’cly, tllcl’cslllts  of ’J’llcorclll  3.1 call I.mllll(lclst’ood  Ilsillg  tllcscc]llcllcc  c)fl)lc)cl<clia-

gIaIII IcarIaIIgcIIIcIItssl  Ic)\$’11  ill 1’igurc3  ,2, (l~lliclli  llciclclltallycall  I)c takcll  as all altcntativc
~)Ic)cjfo  fsllfJicic~]cy,b  utl]otllcccssity).  Sl)ccifically,  l~ig;~11c3  .21’alta. sliows tl]c initial  adal)-
tivc syslmn with IIannollic regressor; l’al’tl 1). S n o w s  tllr IIlatl’ix  x pllshcd  t]lll)llf$  scvcla]

scalar  11-)atrix blocks  of  the  diagra~n; l)art  c.. sul)stitlutcs  thcidclltity  A’y’l = 1~2 wl]crcl~2
lIas tlmspccial  pairwisc  diagm]al fern] associatd  with tlIc X() cx)]lditic)ll  (3.16 )(3.1’7); l’art
d. ]JuslIcs tlllc  matrix  1~2 back thmugl) scvc!ral  scalar matrix  blocks. , and l)art  c. follows I.)y
rccog]]izi]lg that l’artl  d. is silnply a ])aralld  bal Ik of filters of the for]n SIIOWII ill l“igurc  3.1
cad] with a ]mrfcct sille/cosine basis, i.e., it is rq)rmcl  Itablc as a sulnmaiioll  of I,’J’] systmns
of t)llc form treated ill lJcmnla3.1.

SC(! t]lis, assuII]c  Ll)at X7’A’
trallsforlnd  systcm gives,

wllicll satfisfics tl]c X() colldi
■

: 1)2, all(l dc!llotc! A’, = QX.  ‘1’lJclI using r eg re s so r  z ill tllc

&%’ ~“Q’’Q~’~’”=  1)2 (3.21 )

ion with the salnc cxn)flucl]cx:  lnatrix  1)2 as Lllc original systmn.

IUIIMAILK  3 .3  A  l]all)l[)l]ica(  la])ti~’csy  st(:lll~~’llic}l  docsl)ot  satisf~’t llcXC)col)c\itioll  fora

sl)cciflc  A’ call Lc lnadc I,”J’] (assul)lillg  t,llat X1’X is il]vcrtiblc) l)y tllc regressor trallsforlnation
z = 1{* wllcrc Jt = l~(X7’X)- 1X7’, and wl]crc I) i s  ally lnatrix  clloscv) suc]i  i,l)at  1~2 lIas  tl[c
l)airw;sc diagol]a] forln  (3.1 7), ‘J1lICl I t)cstillg tllc X() col]diticn)  fol the trallsforlncd  rcgrcssc)r
z gives,

A:’x, , #]{~’&y . . ])2 (3.22)

wl]ic.]1 is satisfied by collstruc.tiol)  wit]) Cmllflucllcc  lnatrix  1~2. ■
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a)

b)

c) ./ —

[4-1F(s) 7_—p,-*Lp)~[Dq+Le
?-l

d)

e)

e :— , b

;l””””””” ”””’’””””””””””””=’’””:[-4-1F(s)

L- 1’+-----’ ---m ‘“ ! ~ ‘
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

~= }I(s)

‘-++2
IGgul’c 3.2:  ‘1’IIC
l’cal’rallgcll”l  cllt!s

X()  cmlditicn) of ‘1’llcorcln  3.1 l))otivatcd l)y Scqucllcc  of lllOCli diag;raln

I(I



.

3.3 Minimal Realizations

\4~itlIout loss of gmlcrality, tl)c Collflucl]cc  lnatrix  will bc assulnd to bc IIollsillgular,  i .e.,
z – () jII ])2 > () COIUX]X311(IS  to a distinct1~2 > 0 ,  sillc.c  ally ZC1’O diag;onal  lmir (1;2 . 12X2, ~1~ –  ,

frcqucllcy  Wi wllicll call I)C l’ClllOVCd  fl’0111 tll~ dcfillitioll  Of c(f), rccluci]lg  tllc V a l u e  o f  77?

.

acm’dillg;ly.

h4illillla11caliz21tic)Ilsalellot  lllii(lllc sillcctllclca  lcgcllelallyll) al)ys[l  llalcll]a tlixfact(~ls
of tlic lminvise diagmlal  cmlflucncc  matrix. L4i11iIllal rcalizatio]ls arc ilnlmrtaIlt  l.)ccausc tllc
Cc)l’I’(!s] )oll[lillp;  Iwgl’cssol’  x] = A ’ I t ( t )  C 1/27’1  is of lcllglll  27)1 wllicl]  is tl]c n)illimuln  l)ossil.)lc
for rcalizil)p; the I;J’] tIaIIsfcr  function  ‘H of order 27Ti. ‘J’l)c IIul]ll}crof t,al) wcigllts  will also
IN IIlillilllal  of size 2771.

A]] iIlll)()lt:~l]tl) rol~clt~`oflc  glcssolsisl)cls istc1ltcxcitatic)1l  (I’ll).  S1~ccifically,  :ilcgrcssor
o is said to I)c l)l’; if tl]crc cxlsts 01,02, A>osudltllat  [26],

(22 .]> /’0+6 l@)r(T)7’d7  > 02 . 1 fol’ al] /[,>0
JIO

(3.24)

l)llctotl  lcsillllsc)i(lalst  lllctlll$cc)fc(t)C li2’’Li11  (2.5), tllcrcgrcssolx  ~-X,c(i)a ssociatc(l
wit]) alIy  IIlinilllal rcalizatiol] will bc 1’1; (i. e., m distillc.t  sil]usoiclal frcqum]cics  arc avail  alj]c
folcstilIlatil)  g2?7?l)  a1a111ctc]s). CoIIsc(jucIltly,  a71yl,Y’1 l)[lr171071ic  ad{/~Jiit)f:  sysif:77t  (’C:ZMW OVCP

]j(II’[IIIIc:lIizc:(l!)  i s  iltpvi/071ip71i cqvivalf:ltl  10 0  7ninintol  rcolizoiiolL  wit.]) o  l)l<7yq7cssor. ‘J’jlis
is sigllifical]t, siIlcctl]ell]illilllal  rcalizatiol] call  lcl)lacctllcoligillal  systclll ill a ljya ImIIOV tyl)c
analysis to l)rovc cxlmlclltial  (rather tl]all just asylnl)t,otic)  col]vm’gcllcc  al)d 111110 stal)ility
of a closed-lool) ill)~)lclllcl]tatlioll. ‘J’llcsc stloIlg;~)  l[)l)clLicsalc  soll)cwllat  rclnarlial.)lcil) ligl]t
oft)llcfactl ijllat tl]c X() condition l)laccs IIorcstrictiol]  01] ol’cll)alaIllctrizatioll  of t]lcadaptivc
Systcll].  IIowcvcl’, it call  Lc ulldcrstlood  by tllc ada])tivc systcln’s exact illl~ut/output  cquiv-
alcl]cc to al] ljrJ’l systf’111, for wllicl]  it is lill OWll tlllat  asylnl)totic  stability ilnp]ics Cxl)ollc]]tia]
st,al)ility.
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III a largm Colltcxtl,  tllc prol)crtly  of il]l)ut/outl)ut  cquivalmlcc  10 a IIlillilnal 1’1’; Nmlizatio]}
i s  ]IOt) rcstridcd  to ada})tivc  systjcms w i t h  1,’111  rcl)]csclltzltic)l]s. ‘J’llis sall)c pmpcrty  lIas
}XCII slIovvII to lIolcl  gmlcrically  for ()}’cll)al:ll)]ctlizccl adal)tivc systcIIIs wit]] bouIIdd  lmiodic
reg;rcssms ill llayad,  Slmnos and l{alllnali  [1].

3.4 Tonal Canonical Form

‘J’IIc mdud rc~)rcsclltatioll  SI]OWJ1  ill ])art d. of lrigurc 3.2 dcsmvcs slmcial  attmltioll.

] 1]’;}”] NIT] ON 3.3 !l’onal  canonical  j’orm is d(:fi?~  cd as Ill c ~llliq~l(: Ini?linla[  rcalizai~on
ojan 1,!/’1 l[armollic  adapi.ivc sysicm (2.1)-(2.5) spccijicd  by ilLc rqqrc:ssor choice *1 z XIc(i)
‘l(lll(:rc  a’] { ll’z’’’  x”’” i s  I)!(:  uniquf:  posiiivc diagoltal squorc-rooi  A’I z 11>0 of iis COI!.{l  UCIICC

molrir  1)2. ●

‘j’o])al callollical  follllc  ollcsl)oll(lstoI  calizillp;tllc:  a(lalJtiI'csyst cll-llt'i  tllltllc sill -ll)lcl)ailcCl
sillc/c.osillc  I’cgrcsso]’ xl =- De(i). ‘l)l IC IIal]lc IIas bcclI dloscll to rcflcd Lllc fact tfllat  cac]l
CIC]]ICIII  d tl)c regressor is a sil)g;lc l)urc to]]c. ‘J’]lc lcalizatioll  is a callo]lical forln i]] tllc Xllsc
tll)at ifisl~)illilllz~ll  c:llgtll, always  cxistsalld  isulliqucc Siln~)lystatd,  a71yliarrrLo71ic  (1(l(ll~iit]c:

sjysicm tolliclt  admiis a n  1,7’1 r(:]~f’c:sc:lliaiic)ll  is cquivalcnl  1 0  all adapiivc sy.dcm malizd if)

Ionfll cononicaljonn i.e., wiih a ITlilliulal  lcnglh paid s i n e / c o s i n e  Tcgrcssor xl z l)c(i).

111’1 a(lz~J)ti\'c  systcIlls aIisi]lgf 1ol13al  ):~ilc(lsil  lc/cc)siIlclcgl  cssoroftllc forll12:l=-l  ~c: (t),
lIavc l.xmI stuclicd  by IIlally rcscarcllcrs. A  rig;orous l)roof of its 1;lll  prcqmtics was first
givcu]  ill Glovcr’s  1977 lmlm (cf., [12], first l)aragrapll of Scctjioll  V) ill tllc discrctc-tilnc
case without regressor filtering (i. e., 1’(s)=  1), all[lfoltllcglzi(licllt  alg;oritllln  1’(s) =. 1/s.
‘1’l]is Icsult, was cxtm]cld  lab by hlolgall and Sallford [20] io i])cludca]l  arl)itIary  regressor
filter 1“(s) + 1, and rccmtlyby  Collil)s [7] to illcludcbotll  a regressor filter and a gplcral
adal)tatioll  law. l’rcscntly  the discrdc-tilllc vcrsioll  of this sillc/cosil]c result  is well-k]lowl)
ill tile sip;l]a]  l)mccssillg  conllllullity, a]ld i s  illc.ludcd ill tllc l)ook by Widrow a]ld Steams
({lisclc:tc-ti*]lc case, [34]~Jagc318).

Clcar]y, the l)aircd  sine/cosillc wgc:ssol’ i s  WC]] studid  and has l)cclI USC(1 in adal)~ivc
s}, s~cllls  fol Illally years j]] t]lc jjtcratulc,  A IIlaill  l)oillt,  of this l)a~)cr  is that tl)is iS llot jUSt. .
all i s o l a t e d  malnl)lc  of all adal)tivc systc]n  with all 1~1’1 lcl)lcsclltzitioll,  l~ut ratllcr  is tlIc

fulldall]clltal  c.allonica] lcl)lcsclltiltioll for all }mssil~]c  I;J’] llarlllo]lic  adaljtivc  systclns.
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4  SPECIAL CASES

Scvmal  usdu] I;J’] lcl)lcsc]ltiitiolls fall out as s~mcia] MSCS of ‘J’}lcorc]]l  3.1, a]ld will bc treated
ill tllc l]cxt fcnv Cmwl]arics.

(4.’2)

I’1{0011’:  l{csu]t (4.2) f o l l o w s  IJy Sulmtitutillg,  J’(s) = :jo; .-0 > (), aIId 1“(s) : 1 i]] ‘J’l ImrcIn
3.1, a]ld rcarrallgi~lg. ●

1’1{001”:  licsult (4.4) follows l)y sul~stituti]lg  u = (1 into (4 .2) of Coro]lary 4.1, and rcar-
rallg;illg. ●

<for solnc c}loicc oj rc,qmssor  jilfcr 1“(s).
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1’1{001”: licslllt  (4.7) follows I)y Suhstituti]lg,  l’(s) = : ill ‘I III(!O1’CII1  3.1, and I’cal”rallgillg;.  9

7!1 \l’’(jLdi) /2.$c’(s) = /, ‘)jl: .-
i. ] .$2 + w: (4.14)

I} IK)OII1: lJsiIIp (4 ,8) a]ld (4.10) togct}IcI, tl)c IIlaj)pillg  fro]]] c to j call  bc sill)l)ly rcc.o~;l)izccl
as t,llc  ]“iltcrcd-x  algoritllln  wit]) flltcr 1“(s) 21]]d call I)c calculated with tllc aid of Corol]ary
4.3 to give,

j =“ )I(p)c (4.15)

wl]crc 11(s) is givml by (4.7). Silnilarlyj  using (4.8) slid (4.1 1 ) togdhcr,  tllc lllal)~~illg  froln [
to ~ is of tllc forl]l of a gradicllt  algoritll]n witl~ Iwgrcsscn  i = A’.Tc(i), Ivl]crc .7 is dcfilld  as,

(4.1:7)

‘1’llc lllal)l)il~g  fro]]) ( to ~ Cal) bc calculatd  wit,]) t]tc aid of (4.4) ill Corollary 4.2 to give,

ij = (t’(p)( (4.18)

Wl)c]e C’(s) is give]] by (4.14), since tl]c rclaixxl X() cc21)cliti011 is sat, isficd Ivitll,



Substituting (4.1~)) allcl  (4.18) into (4. IS) gives  u]ml  rear  I’a IIgil  Ig,

Substituting  (4.20) il)to (4.15) gjvcs tllc dcs;rcd  result (4.13).

(4.20)

■

5 A  PPJ.JCATJON

1“0]  dclnol]strat;oll  puqmscs, tllc tllcory of l;lll lc]J]cscI]t;ltjo]ls  dcvdcq}il]g  i)] tlljs l)a~jcr  is al)-
]J]id  k) tJ]lC  ])1’O)I]CII”l  C)f ]larlllO]liC ]lojs~ CXilld]a~jO1l. ‘J’l)c l~mblcl]l  of cancclli]]g  IIarl))ol)jc IIojsc
a r i s e s  ;]) ]nan-y clivcrsc ficlcls. Apl)l;catiolls ;Ilc.ludc  dalnl)illg  vibrat;o]ls  il) flcxihlc  strudurcs
[28] [30], llclico~)tcm [13][27], pro}mllm  aircraft [18][8][9], ajl co]lditiollillg  ducts [14][6], auto-
]]]obilc  cIIgi  IIcs [24][25], cryocxwlcrs  [7], rotat,illp;  lnacliillmy [29] [31], sublnaril]cs,  or acoustic.
l]oisc co IItIwl [23], and dcctrica]  noise [34], etc..

A gulcral  forlnulatiol) of tllc lianno]iic sul)l)mssioll  ])rol)lc]])  is SI]OWI) i]] l{’igurc  5.1 ~

XO CONDITION:
DISTURBANCE

x= xc(f)
X 7X = D= I Y

ADAPT WE LAW

-J--+

l“igurc 5.1: IIar]llolljc  IIoisc sul)l)rcssiol]  ])Ix)ljlcIIl

Assulni])p; tlla.t the adal)tivc  law adlnits  all 1:1’1 rcl)rcsc]li,at,iol] 11 (s), tl]c cIoscc1-1001)  tra.lls-
fcr fullc.tlioll  from tl)c y to c in l“igurc 5.1 call Lc calculated as,

L’(S) : -
1’(s)

- - -  Y(s )
1-1 11(s) 1’(s)

(5.1)

WIICIC l~(s) and }’(s) dcllotc tllc ]Japlacc trallsforll]cxl  signals  c al)d y, rcslmctivcly.

5.1 C4radicnt Algori thm

1 d LIIC Gradient algorithm of (;orollary  4.2 be used for ada])ttitioll , a]ld collsidcr tllc sl)ccial
C a s e  WIICH!  l~(s) ~ 1. ‘J’l)cll tllc CIosdloo])  IJrl’l Syst!clll  I)ccx)llm,

];(.,) , -
1

. Y(s)
1-1 ~l(s)

(5.2)
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WI}(TC,

l;(]llivdclltly,

h’(s) =

1+’rmn  tl)c nulncrator

7)1 d i 

2 
.!

v(s): }1~-2 -,= , .s -1 w:

IJ:”:-, (.$2+ ~:)
Ilj! , (<’2 ‘1 ‘i?)+ /1’ >1~~ ] ‘1,211j-+i (s2 ‘1 ‘fj

. Y(s)

11 (5.4), it! ;s Sccll  t!llatj  tllw! arc “pcl’feet IIotdlcs” at tllc! fm]ut!llcics

(5.3)

(5.4)

{Ldi}~~ ,. llSillg YOOt IOCLIS, tlIc ]m]c ]ocatiol]s  CaII bc found  al)alytically  for s]llall p as [2],

}l(lip,<?, ---- :{ jmi, i : 1,,,.’?1?t 2
(5.5)

As 1{ illcrcasm tl)c roots ]novc in a dirdioll  ~Jel})c:l~(lic~ll~~l  to tllc ~w axis dircdly  i]lto the left
IIalf pla71c,  a distdncc  of @i2/2.  JIcncc, tllc rcsulli]lg dml~)illg;  il] t}lc  itll disturbal]cc  tol]c is
l)lo])c)ltliollzil  to Imtl) tl)c adal)tatioll  gain If and tl]c diagonal  m)try of tllc c.ol]fluc])cc  ]natrix
d.2. 1~’wn)  t,l)c  ])oIc a]ld zero l o c a t i o n s  it c.al) hc dctcr]]]incd tllatj  tlIc ]Iotcl Ics arc sy]nmctric

ia )ol]t Cad) f] ’CC] UC!ll  Cy  W2 wit]) 3(111  Ixu]dwidt]l  }1C1,2  ill raclialls/scc.

Sillcc tl}c 100]) gain (5.3) is Colnplctcly  ill tlic 1{111’, a Nyquist  a]lalysis  indicates t,l)ai l,llc
c. IosMI-1001)  systc]n is cnnpldcl  y l)llasc stjal.)ilizd  (i .c., tllcrc is ]Io gail]  crossover frcqucllcy)
alld will 1.X stable fOI’ ally va]ucs Of /l>LLJ~,  fli2 > 0, i = 1 ,..., ?1/.

5.2 Filtered-X (FX) Algorithm

‘1’lIc l’iltcd-~ algorithm is a gmcral  lnctllod
tllc (:1’1’01’ })at!ll [34]. ‘IIIIC l“iltcd-~  algoritlllll

to deal  wit]) tlllc  illtcrvcllillg plalltl  l)(s) ill
first alq)cad  ill a ~mlm’  by \Vidmw 1971

[32] tmatillg  the slm.ial case of a l)urc delay l)lanto IJatcr mtc]lsiolls  to arljitrary 1;1’1 l)lantls
al)})caml at, a])proxi]]]atcly  tlIc  sa]nc  ti]nc i]] })apcrs by hlorga~]  1980 [21],  l~urgms  1981 [ 5 ] ,
a]ld Widmw  ct. al. [33].

IJct tllc l’iltcd-~ algorithm of Corollary 4.3, bc used for adal)tatioll  wit]] tl]c filter cllc)icc
1“(s) =- j(s) WIICIC j(s) is a]) cstlilnatc  of l)(s). ‘J’llcl]  tl]c clod-loo])  systcun is givul  by ,

w]) (m!,

l’(s)
h’(s) : - ,, . Y(s)

1-1 11(s) 1’(s)
([).6)

(5.7)

(5.8)
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Sl)rcifyillp;  tlic plal]t as a ratiolla] ful]ctioll  1’(s) : AT(s) /l)(s) ill (5.6) and rcarlalIF;illF;  g i v e s
t]lc!  Closc(l-loop Sysicll”l  a s ,

JN(S)l]~jI(.’’21-l  ‘i . –
1;(s) , - –-., ________ .  } ’ ( s )  (5.9)

l~(s)Jl~.l(s2 -1 U?) -1 pv(.ij>;;:l d12(PIt(i)S  -i ~z(i)Ldi)][~+;(S2 -{- u;)

l“IWIII  tlIc lIuIncrator  ill (5.9), it is see]} that tllcrc arc ‘(lmrfcct ]Iotclics” at t 1 ]c frcq uc]] cic:s
{~i}~~  , .  (Jsillg N)ot  10CUS  (assumi],g tl)at  1’(s) dOCS IIOt lI~VC ICSOI,~IICCS  I}C~I tlIC ICSOII~IICCS,.
d 11 (s)) {IIIC ~Jolc:  locations can bc c.alculatd  for sl]lall i{ as,

/[ (Ii
 2

s; :----- ~+ (~ Wi)l’(~Wi  ) 11 ~bJi
2

(5.10)

It is sccll tl]at  for slnal] l{ tllc pole  lnovcs  off’ tllc ~w axis a distance l)rolmrtiol)al  to !’~~-  li*(~bJ~)l)(~Ldi)l,
at a dC])al’till’C allglc dctjcrll)illcd  1~~ tllC  ])ll?lSC  Of ‘- 1}”  (jL’Ji)}’(jLdi).  II CIICC,  tllC  cstilnatc )“)(.$)
II)ustl al)proxilnatc  the plant  l)(s) to witlllill 4 90(’ ill tllc vicinity of cacll rcso]]a]lcc frcquc]lcy
Wi , i=] , . . . . 771 as a IIcccxsaIy  cm)dition  for stal)ility.

S t a b i l i t y  col]ditiol]s  can be ul]dcrstood Illorc dearly using a Nyquist  a]lalysis.  1“01 this
])111’])OSC, tl)c 1001) gain ill (5.6) is rcw’rittcl)  as,

(5.11)

(5.12)

.‘>wlIerc  1,~(.s) =: 1 ~{(i) -{ (bJi/S)l’]  (i). I’lvaluati]lg  IJi(.$) at tllc  I’CSOIlallC’C  S ‘ .iWi  giv~s,

WI ICIT t,l]c sulmscril)t  “4” dcllottcs LIIC (.oII1l)lcx cmljugatc. It i s  IIotd that  J/i(S) OCiS iO

([~)plVXi171~l[:  ill<: CO?~2plCT  CO1l.jll~<ll C Of IJIC ~)1(1111  (!1 ill<: I’CSO11<171CC  flYqUC71Ct  J ldi. Colnparillg
tllc loo]) gain (5.12) with (5.3), and usiliF; (5.13) it is see]) t,l]at tllc l~iltcrd~ algoritllln
works l)y Lryil]g  to “cc)lljugatc” tllc l)lallt l)llasc ill tl)c viciliity  of cad] rcso]lallcc  frquc)lcy
L&’i,  ill all attcln])t  to N!COVCW  tllc 1{111)  100])  gain (and IIcllcc tl)c Collvcrg;cl)cc  l)mpcrtim)
associatlcd  wit]) t,l)c gradicllt  algoritl)ln apl)licd  to a ul}itl  l)lallt 1’(s) =- 1. ‘J’llis COMCSIJOIJCIS  to
l)llasc stabilization] o)i tllc INyquist, l)lot ill tlic vicil)it,y  of cacll of the rcso]]anccs.  ,4way froln
tlic rcso]]allccs,  tl]c loo]) gain (5.12) call Iw gain s t a b i l i z e d  by Il]akillg tllc adal)tatioll  gain
ii suflicicllt,ly  slllall {0 avoid tl]c Nyquist  c r i t i c a l  ~)oilit,  (’J’llis l)rovidcs  a l)rc!cisc:  condition
011 II w’llicll  avoids tl]c IIcuristic ‘(sufliciclltly s]o~v tullillg to justify colnllluting  IY]’V blocks”

aq2ylIIc IIt usd i]) otl]cr trcatlnmltls [34 ] ) .  llcllc.c,  tl]c l“iltcd-~  algoritllln  w o r k s  hy using

a  coll)l~il)atioll of  pliasc al]d gain stahilimtioll. l“or ally sl)ccific cxalnl)lc, l)rccisc stal>ility
I)oullds  call bc cstablisllcd  011 a l l  l)aralndcrs  /1, Wi, cli2 > 0 ,  i  =  1 , . . . . m and tlic mol.
l)(s) - }(s) using a lnorc dctailccl l;lll analysis.
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At this  ]mj]lt,  several COIIIIIICIItS arc j]] order .

1. All of the 1~1’1 tra~lsfcr fmlctiolts ~J(s) ill tl]c Corollaries of Scctio]l 4 llavc large gai])s
ill I)l]c vicinity  of tl)c tol)e frcqumlcics  ti~, i T 1 , . . . . m .  Wllc]l  usd ill closd-loo~)j t,hc
large gail]s Ixcxn]]c ‘(]]ot,c.l)c!s” of t]]c for]n (1 -1 ~~(s))- 1 (cf., &:ctioll  b). ‘1’]lc c.rdio]l  of
closd-loo~) IIotcllcs  is si~nplj’ all al)plicatio]]  of tllc il)tcmal Inodcl  l)rinc.i~)lc  (lhll~) [11]
wllic]l  l]as also bccm discussd  i]) tl)c colltcxt, of adal)tivc fdfonvard  systclns  by IIodso]]
d. 01. [4]. ‘1’l]csc cIosccI-1001)  IIotlcllcs arc dk:c.tivc  at callcclling  sinusoidal distlurballccs)
and l]avc lxx]] used for tlllis purjmsc ill a wide  varidy  of ada~)tivc fdforwad Ccnltflrol
al)plicatiol)s (cf., Sicvcrs  aIId von l“lotow [28], h~orga)l [21 ], Collills  [7], Spanos a]ld
llallll)all [30], }Iodsol) , Sacks and Kllosla [4], aI]d hflcss]]cr  aIId I] OCISOII [1 7]).

2. ‘1’lIc IfJ’] result, ill Ccnollary  4.4 for tl]c AugJIIcI)tcd  ltrror algoritlln] al)pcars to lx IJCW
and dots not l~avc  any COuntlmpart ill tllc literature. ‘1’llis  rcsu]t ltas l.mcn slIowII  ill [2]

to })rovidc all iln}mrtallt altcrl]ativc  stmtcgy  for adal~tivc  IIarmol)ic l]oisc caliccllatioll
wllcrc tllcrc  is a ~)lal)t  l>locki]lg tllc ]Ioisc  callccllatio  I] ]}atll. 11] coIItrast to t,lIc l“iltcd-
X alg;oritllm which att)clnptls to ~)hasc stal.)ilizc lIcal tl]c rcso]la]]ccx and gain stabilize
clsewl)crc, tllc AugIIIc~]tcd l’;rror alp,oritlll]l atlmlnl)is  to ~)l]asc stabi]izc  cvcrywl]crc [2].

3. (~lovcr’s  rcsll]t [12] 01] l;lll leJ)lcscllt:~tic)lls of adal)t,ivc  systmns with long Lal)-delay lillc
(’4’1 )1,) reg;rcssors  call  also I,c sl,ow,, to lJC a s*,ccial  case o f tlIc X() coIlditioIl  [2]. ‘J’llc
rigorous Cxtcl)sic)l)  of Glovcr’s result to tllc l])ultito~lc  case IIas bcc]i ]nadc:  ill [2] Ijasd
oli tjllc ~0 collditjioll.

4. If tllc ~0 c.ol]ditio]l  is IIot s a t i s f i e d  madly, tl]c adaj)tivc systmn is 1]0 Icn)gcr  l~j’1.
]Iowcvcr, it is illstlcad rcl)msclltablc  as  all 1:1’1  and IJI’V subsystcvn  ill l)alalld,  wllcrc
tllc lJll\~  part call bc cxplicit]y lJorlll-bolllI(l[:(l”  [ 2 ] .  ‘J’l]c  l]or]n-boul]d  (all il)ducd  2-
1101”11)) is c.olnl)atil>lc  wit]l stal~dald  11=, rol.)ustllcss  analysis.

7 CONCLUS1ONS

‘J’llis ])a])cr cstablisl]es  a IIcxcssary  a]]d suflicic]]t  collditiol]  for a IIannonic  adal)tive  systc]]l  to
adlllit  all exact lj’J’l  l“el)l.c:sc]ltatioll. ‘J’llis Collditioll (i.e., tllc X() c.ollditioll)  unifies lnal]y  rc-
sultls il} tlllc lit,cratulc!,  al~d Icads to t,llc I)ot,ioll  of cquivalcllt,  rcalizatiol]s,  lnillilnal rca]izations,
aIId  tile. tonal c.allol~ical  forll). Si]lll)ly stated, l,l]c X() c.ollditliol]  indicates tl)at  Ll]c block  dia -
F;l’alll  of t]lc ada~)tivc  systcm call  bc ImrIaJIgcd  so t]lat t,])c  r e g r e s s o r  ]Ias  a. ])aird silic/cosillc

forlll (i.c,,  tm]al c.allollical forll)). ‘1’l)csc rcsu]ts arc ilnlmrta]lt  bccausc  1~1’1 adal)tivc  s y s t e m s
call lm dcsigllcd  and a]lalymd co]l)l)lctdy using s t a n d a r d  lncthods,  taki Tlg adval]tagc of a
wcalt]i  of tools available fol 1,’1’1  systc]])s.



hflij ‘
[% IW2X2; ‘[)’’i)~= “7’

IVlillilnal  realizations arc ilnj)ortallt,  sillcc tllcir collc:sl)ol)(lillg regressor is lxusistclltly  m-
citi]lg,  al)d is of lnil)ilnunl lcvlgtll for rcalizil]g  tllc Icsultillg  1;1’1  tjransfcr fullctioll. ‘J’l)c tol~al
canonical rcalizaticnl  is iln}mrtlallt  bmausc  it indicates cquival(!l)cc  to all ada})tivc  system rc-
alimxl wjth a minima] lc]igtl) paid sine/c.osjnc Iqyessor. ‘J’IIc ])aimcl  sine/cxxsillc regressor
is W C]] studied al]d IIas bcc]l usd ill adaptive systc]ns for lna]ly years ill tllc litcxaturc.  It is
illi,crcstling and significant that it turlis out to lW tl)c c.allcnlical l“cl)lcscl]tati[)ll of all llarlllollic

1“ “a{ q)t]vc.  sydcms w]t]t 1,’J’I rcl)l(:sc~ltat,]c)]ls.

l{c~rcssors  for aclaptivc  sillusoida]  l]oisc ca]lccllatiol]  arc ty})ically  collstmctd  by filtlcril]g
and colnbillillp; v a r i o u s  signals  lncasuml in Lllc cllvirolllllcllt. ‘J’llc X() c.mlditioll allows a
s},st,~l]latj~  ~ol]~parjsol)  o f  t,)]~ q~lality of sllc]l  jI1ll)]cIllclltatjolls, aIId is mpcdcd to lead to
]J]allv ol)tilniz(!d  basis fullctiolls and I]CW adal)tivc control arc.llitccturcs ill the fuiurc..,

8 A C K N O W L E D G E M E N T S

A~lil]()}~~l~~l~(>l]l~]~ts  arc CIUC to the J 1‘1, IIltclfc:lolllctc]  ‘J1CClIIIOlOgy 1 ‘rop;raln ulldcr the dircc-
timl of 1)]. 1{. IJaskill f o r  su~)l)ortillg t,his rcscarcll. ‘1’l]c author WOUIC1 like to tlta~lk  lh. J.
S])allos all(l  1)1’. Z. l{allmall  of tllc J])],,  a]ld l)rof. G. l’al)avassilol)  ou]os of USC for scvmal
rclcvmlt technical discussio]]s.  ‘J’llis rcscad] was lmrfor]ncd  at tllc Jd I)rol}ulsioll l~al~oratory)
Califonlia  IIlstitutc of ‘J’ccl)I~oIop;y,  UI]CIC]  c.olltract  with tl]c Nat,io]la] Acrollautics  a~)d Slmc.c
A(ll]lil)istratiioll.

A AI’PENDIX : Proof  d’ Thmnwm 3.1

(A.])

(A.2)

llsil]g (2.3)-(2.5), tlIc filtcmcl regressor call  k rq)rme]ltd as,

i = F(p)[x]  =  F(p)[a’c(i)]  =  A’fc(f)

.T = bld’di(lg{.T~  } E 1(2’’LX21’1

(A.3)

(A.4)

(A.5)

] g



l)roof of (i): It, is desired to snow tlllat  IVl = 1~2 (wl)crc 1~2 IIas tl)c block-diagcma] fmn
(3.17)), if al)d oI]ly if tllc Illapl)illg H fro]]) c LO ~ is l~J’1. l’rwn (2.1)-(2.5) aIld (A,3) this
II)apl)il]g cm] k writlm) as,

j =- pc(t)w . I’(])  )[x.Fc(i)c] (A.(i)

= /m(q?l’u’.T’  . I’()) )[c(i)(:] (A,7)

-. /@)7’h4.T  /’ ~(T)c(i - T)C(t - T)d7 (A,8)
. 0

J}1 “f V(7 )C(t)’++ T)C(i  -  T)dT (A,9)

WIIUC  y(i) i s  tlIc iln])u]sc  Iws]mlIsc  of tlIc f i l t e r  1’(s), alld wlIcrc w’c llavc dcfillcd  tlIc lnatrjx,

V = h4 .7” (A.10)

I’01 lat,cr  convcllicl)cc,  V is ])artitjollcd  into 2 x 2 1.)1oAs (colnpatil~]y  with .F,h4),  a s  f o l l o w s ,

v =  {Vij} c l/2’’1 x2’” (A .]] )

(A.12)

It is SCCII  tl)at  t,llc  lna])pillg  ‘H fmn c to ~ ill (A.!)) is ml)rcsc]]tcxl by a co]lvolution  illtcgral,
wl)ic]) is t,ill]c-il]v{il’i;illt,  if al]d ol)lv if tllc kcrlic] is il]dejwlldult  of til]lc i, quivalmltly,  if aTId
oIIly  jf,

C(i)%(t  - 7  )  = 8(T) (A.13)

W] ICI’C 9(T)  is a funciioll jju?dy of T. (blditio]l  (A.13) will lK! cxaTIlillcd  ill dctai]. ]jxpallditlg

c(i - 7) g;ivm  t,l Ic idm)titjy,
C(i - 7 )  = Q(i)c(T) (A.14)

WIICIC Q(i) is tllc block cliagollal  Illatrix,

[
Qi(i) e - COSLdit sill  Wit

1

~ ](’X2; for i =. 1,...,771
sill  LIJit CC)S  Wit

(A.16)

~ul)stitutillg  (A.14) into  (A.13) gives,

07’(t)C(T)  = P(T) (A.17)

Wllcl’c,
c}’qq ~ C(fqbqt) (A.18)
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l~;quatio]]  ( A l  7 )  lIolds if aIId oII1-y if a is a co IIstaIIi vcdor,  i.e., o(t) : (}O. ‘J’O scc t,]lis,
II Iu]tip]y  bot]I  s i d e s  of (A. ] 7) 0 1 1  t]lc rip,])t hy  c’”(T ) aIId  ilitcgratc  wit]]  m]mt  to T o v e r

r,
alIy  il]tlcrval  [ 7 1 ,  Tz]  suc.]1  tllatl J c(7)c(7 )’ dT is iIlvdil.  )lc, ~uclI aII iIltcn~al  always  exist,  s sinc,c

tlIc colll]xnlcllts  of C(7) arc li]]mrly i]ldqm]lde]lt fullctimls (i.e., sillcx and cosillcs  of distinct
frcqucl]cics).  ‘J’lIc  rcsultil]g cquatioll ca]I Lc s o l d  for 0, illll)lyil]g  tl]at  ally valid  soluticnl  0
to cquatio~l  (A.17) IIIUSf I.w a mIIsta  IIt vwtor.

Assul]lillgtllat o is collstallt, collsidcr  rc]atioll  (A .18) iakcl] t,wo C.C)II1l)C)]IC:III,S  at a tilnc,
i.e.,

Ci(t)7’V~jCjj(i)  1 [(~~,(1~] (i.]{))

WIICYC CY;,n$ arc col)stal]ts and,

Ci(f) =- [sillti~i,coswti]y’ (A.20)

II;xl)allding  tllc first coInpoIIcIIt of (A.19) gives,

@ = – COS(Ujt)Si  ll(tiji)l  J~~  -  COS(Wji)CC)S(ti~i)lJ~~

-/ SiIl(Ldji)  Sill(LJ1i)lJ/J2-{  sill(wjf)cos(m~t)t~~j2 (A.21)

;(- SiIl(LOj-l Ld~)i-l sill(uj -  bJ~)t)?~~~- ~(COS(Uj-  LL’’j)f-l  COS(Wj-l Ui)t)l~#

-t ~(cos(wi -  ~i)t-~os(ti~j+  ti~i)t)t~~f-l  ~(sill(tij-t~i)i+si]l(tij-  tii)i)v~(A.22)
J

--
1; [ ( w  -  dj92  -{ (v; -t ,):;)2  ‘

2  
SiIl((Wj-l  ~Z)~-l 4ij)

,’

]Icrc,  (A.22) follows by cxl)alldillg  (A.21 ) ill tcr]l)s of slllll/(iifl~:l(~l]cc  frcquculcics; and (A.23)
follows by l’c!21rrallgclIlcIlt. ‘1’lIc collstfallt l)llascs #~j,~)~j  call  also l~c calculatd,  l~utl will not
IN ndcd.  A  siI1-lilalc:x]~lcssiolI  t o  (A.23)  CaII bccalculatml  by usillg  tlIcsczoIId tcmn O; i]]

(A.l<)),  lJllttllisc  alll>esllo\\ll  tol)clc(l~lll(lal]t~~itll  (A.23)aIl(l  ~\’illlloti  lll]~oscac  l(litic)~lal

coIlstraillt,s.

Case]:  i#j

l“imt collsidcr tl]c c a s e  wl]cm i # ~ so  tha t  wz and Wj arc clistilld  IIOIIXUO  frcclumlcjm.
‘1’IIcI1 (A.23) is tlic SUIII of two si]]usoidsof  disti]]d frm]umlcicxs, wl]ic.11 is cc]ua] to a coIIstant
if aIId only  if Lot]] kmns va]]isll  idm]tically,  i.e.,

~):~ ~ ~)22. ~)?! z _.1112
%.? t.1 ~ ~.1 ~3 (A.24)
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Vij z 0; fo]’ i ~ j (A2~)

]Iowcvcr, fro]n (A. I 0) and the 2 x 2 Imrti{ioIId  stIwctuIc  of ]I]atriccs h4 a])d .?’,

V~j : h“lij.?} (,427)

wl]cre .T~ i]] (A.5) is i]lvcrtible (si]lcc its ddmlllillallt  11’’(jwj)12 is ]]o~]zcro by assumljtiol)).
(knllbi]lillg (A.26) a~ld (A.27), a]]d using  tllc illvdil~ility  of .T~ gives,

Case 2: i = j

Next cm)sictcr t,l)c case where i = j. ‘J’l]c)l, cquatioll (A.23) bccmncs,

‘J’l)c sccoIId tCIIII of (A.29) is collstalit,  as desired. ‘J’l]c first tcmll of (A.29) is sinusoidal of
IIo IIzcro frcquclIcy,  wllicll is collstalit-I’alllc(l  if and cn]]y if it val)isllcs  idclltically, i.e.,

7);: : I);iz ; 7):! : - t):iz (A.30)

11 owcvcr,
h!i~.’?j  = vii (A.31)

or cquivalmltly  (by tl]c invcrtibility  of .Ti),

h“l~i = V~i.T,T  ] (A.32)

IIy tl]c sy]nmctry  and llo]lcgat,ivity  of hl = A’y’x O])C l]as,

]]);/ ,  ]]]:l? (A.33)

IIlj: > (); _11”1:: >  0 (A.34)

l’klml]di~lg  (A.32) using })rolmtics  (A.30)(A .33) a]kd a]] allalyt,ic  cx~)mssioll  for .F,T”l  gives,

(A.35)
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IIy (A.33) and tllc special fcmn of t]lc right-l]a]ld  side of (A.35), it follows t]lat,  11/~ =- 111~~ ~.
di2 > (1 aIId ln~j] = m]J2 u 0, wlIiclI g i v e s ,

(A,38)

III SUIIIIIIaIy, the kmd o f  tlIC C.OIIVOIIIiiOII  (A.!))  iS a fllIlctioll  PUIKIY  of T if FHICI  OIIIY if tlIC

i,jtl I block  h4ij of t,l]c matrix  h4 has the fern] (A.28) for i ~ j, alld tl]c fcmn (A.38) for i u j.
l~quivalcnt]y,  {IIC lillcar o p e r a t o r  ‘H fro]]] c to ij is tilllc-il)~~aliallt jf WIC1 o])ly if h4 IIas tllc
I)lock-diagollal  form of 1~2 in (3.17) of ‘J’lIcorclII  3.1, wllidl is the dcxircd  rcsu]t.

l’roof of (ii): Substitutillg  A’Y’AJ A Ivl = 1~2 into (A.7) g i v e s ,

111

}1 ~ (li2Ci
lZ ]

7/[

l’(p)

q~’ .

.7((1) c] (A.39)

‘(]l)[.F~Ci(i)C] (A.40)

(A.41)

IIcrc,  (A.40) follows by tllc lmrtitioncd  structure of l)2 , .?_, c(t); a~ld (A.41 ) follows by alq)lyillg
l,c]]]]])a 3.1 (e.g., col]ll)arc to (3.9)), separately for cacll term ill tlkc SUII] (A.40). E

Rc-fcrmcms

[1] 11.S. IIayad,  J. S~,a],os a],d Z. l{al)lnan, ‘(l’kpcnlmltial coIIvcrgcncc  of tllc trackil]g  cmor
i]] adaptive syslm]ls  without  lwrsistcl]t  cxcitatioll,  ” 11’;1’;1’;  Collf. l)ccisioll  al)d Co]ltml,
N c w  or]calls,  I,A, lkxmbm  1 9 9 5 ;  ltxpa]ldcd vcrsioll  ill J}’], lntcrna]  l)ocuIncIIt  l)-
12877, August,  ]f)flb.

[3] W.]] . IIcycl’, ltditor, CltC Standard  Maf)lcmaticol Yhldm. 28th l’;ditioll,  IIoca llaton,
l~lorida:  Cl{(; l’rcss, I1lC,  1987.

23



[4]

[5]

[6]

[7]

[8]

[9]

[10]

11]

12]

h~. ])ods on, A. Sacks, aIId ]’. ]<hos]a, “llar]I]oJ]ic gcIImat;o  II iII adal)tivc  fdforward
canccllatio]l scllmncs,  ” IIlltl; ‘J’rans. Autml]atic.  CoIItIol,  vol. 39, no. 9, l)]). 193{]-1  944,
Sc])tlcll”llm’  1994.

J .(;. l~urgcss,  “Active sou]]d cmltrol  ill a dud:  A colllI)utcr silnulatiol),)’  J. Acoud. SOC.
A] Ilcr., vol. 70, ])]). 715-726, %])t. 1981.

G. CaI]cvct, ‘(A c t i v e  smII]d alxsorl)tioll ill all air col]ditiollil]g  duct , ’) J. SouIld a]ld Vi-
bratlicn],  vol. .58, ~)1). 333-345, 1!)78.

S.A. ColliIls,  h4ulii-Axis A nolog A Lapl im l’culjoIwmI’d Cancel lat ion oj Cryocoolm Vi-
Lmiion. 1’1].1). ‘J’llcsis,  Sl(;l/C# 8-94, Ml’]’ Sl)acc llIlgillccrillg  l{cscarcll C e n t e r ,  M1’J’,
Calnbridgc  Massacl]usdLs, Al)ril 1994.

S.J. l’;lliott,,  1’. A. Nc]so]], 1.h4. Stotltcrs,  slid C.(; . IIoucl]m, ‘(l’IcliIIliIlcllJJ rcsu]ts d ill-
fligllt  cxlmilncl)ts ml tllc adivc co]lt,ro] of l)]c)l)cll[:l-ill(lllcc(l  cabin  ]Ioisc,’)  J. Sou])d and
Vibrat,ioll,  vol. 128, ~)p. 355-357, 1989.

S.J. IIlliott,  l). A. NCISOII,  1.M. Stotl)crs,  and C.(;. IIouc.l]cr, “lll-fliglltl  cx~mril]lcl)ts  OJI the
adivc  C.olltrol  of I)rol)cllel-ill(lLlc.c(l  c.abill  lloisc,  ” J. Sou]]d alld Vil~ratioll,  vol. 140, pp.
~l{j_23~, ~ggo.

S.J. l~l]iott,  l.hfl, Stotl)crs,  and l). A. Nclso]), “A ]nultiplccrror  l,h4S algoritll]ll and its
al)l)lictitioll  to tllc adivc  colltro] of soul]d and vil~ratiol],’) 11;1;11 ‘J’raIIs. Acoustics, Slmccl]
a]ld Sigylal  l)roccssillg, vol. A,SSI’-35, ]Io. 10, ])]). 1423-1434, ~)cto~m  1987.

1]. l“rallcis  a])d h4.W. Wol]llalll, “’J’I]c illtcrllal  II)()[lcll)]il]ci])lcc)f colltro] tl]mr-y,’) Auto-
IIlatica, vol. 12, 110. 5, l)p. 457-465, 1976.

J.]{. (;]ovcr, Jr., “Adapt ive  l)oisc callccllillg  apl)lid  to sillusoida]  illtclfc:lcllccs,”  IIIH’H’;
‘1’raIJs. Acoustics, SpcdI and Signal l’roccssil)g,  vol. 25, 110.6, 484-491, 1 )cccmbcr  1977.

[13] S.1{.. IIall a,,d N. M. Wcmlcy, “l, illcar colltro] issues ill tllc IIig;llcr  llarlllol]ic  cxnltrol of
llclico~)tcr  vibrations, “ ill l)IOC.  45tlI,  A] J] Iual l“c)ru  III A]]lcr. IIclicoptcr  Sc)c., IIosto]],  hlA,
] {Jy)

14]

15]

16]

11. IIa]nada,  ‘J’. h4iura,  hl. ‘J’alial)aslli,  and }’. oguri) ‘( Adal)tivc IIoisc c.olltrol  systcm  in
ail-c.{)llClitiollillg  duds,’) l’roc. of llltcr-Noise ’88, Avig;lloll,  vol. 2, p]). 1017-1020, 1988.

I’.A. loalll]ou  and 1’.V. l<oliotovi~,  A dapi.ivc  ,’+’ysicms  wiih licduccd fi40dcls.  Ncw Y o r k :
SIJlillgcl-\~crlag,  1983.

(;. ],o]lg,  1’. l,illg, and J.(; . l’roaliis, “’J’l]c l,hl S algoritlllll with ddaycd  cocflicicllt  adal)-
tjatioll,” llth;l~;  ‘J’rans. Acoustics, S]mdI, aIId Sigylal  l’roc., vol. 37, 110. 9, ])]). 13{)7-1405,
Sc])tcmbc!l’  1989.

24



.
w’
<—



.

[30] J .  Spare  a,~d Z. l{ah]m],, “NallcI\\~-1.JaII(l  col)tlro]  mqmi]t)cl)ts  in actjvc  vi bratiol] isola-
tioII,” S1’11! 1’Ioc.,  Vibraiioll  h~oIlitm’il]g  aJId CoIItIol,  ]M])m  2 2 6 4 - ( 1 1 ,  SaII l)icp;ol Ju]y
] 994.

[33] 11. Widrow, 1). Shur, and S. S]]afJm, “011 acla])ti~’c i]]~~c]scc o]ltrol,”  i]) l’roc.  15t,lI Asj]o-
lnal Conf. Circuits, Systmns. Colnl)utatioli,  l)]). 185-189. 1981.

[ 3 4 ]  11. Widrow a*\d S.1). StCaII,s, Ailapiivc t$’ijvtal l’nxx,wing. l’rc]ltice-llall,  l’hIglcxvoocl
Clifls,  NCW JcIscy, 1985.

2(i


